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In case of spherical symmetry, the assumptions of finite-time formation of a trapped region and regularity of
its boundary — the apparent horizon — are sufficient to identify the form of the metric and energy-momentum
tensor in its vicinity. By comparison with the known results for quasistatic evaporation of black holes, we com-
plete the identification of their parameters. Consistency of the Einstein equations allows only two possible types
of higher-order terms in the energy-momentum tensor. By using its local conservation, we provide a method of
calculation of the higher-order terms, explicitly determining the leading-order regular corrections. Contraction
of a spherically symmetric thin dust shell is the simplest model of gravitational collapse. Nevertheless, the
inclusion of a collapse-triggered radiation in different extensions of this model leads to apparent contradictions.
Using our results, we resolve these contradictions and show how gravitational collapse may be completed in
finite time according to a distant observer.
I. INTRODUCTION
Black holes were originally conceived as spacetime do-
mains from where no information can escape. Mathemati-
cally, they are defined as a complement of the causal past of
future null infinity [1–3], and their null boundaries are event
horizons. General relativity (GR) and many modified theo-
ries of gravity predict the formation of black holes at the final
stage of gravitational collapse. Event horizons are global tele-
ological entities that are generically unobservable [4]. Instead,
locally defined surfaces provide a more suitable conceptual
and analytical framework. A trapped region — a spacetime
domain where both radial null geodesics have negative expan-
sion— forms inside the collapsing matter. Its suitably defined
outer boundary (i.e., the apparent horizon or another related
surface) asymptotically approaches the event horizon [1–6].
Classical matter that satisfies energy conditions [2, 7]
crosses the event horizon and reaches the singularity in fi-
nite proper time τ that we associate with an observer who
is comoving with the collapsing matter (Alice). However, ac-
cording to a distant outside observer (Bob), horizon formation
takes an infinite amount of time. The trapped region and its
associated surfaces are hidden behind the event horizon and
thus cannot be observed by him. According to Bob, the col-
lapsing matter remains in a perpetual state of approach to the
event horizon.
Quantum effects, such as the emission of Hawking radia-
tion, make the underlying physics more involved. Three fea-
tures of Hawking radiation are relevant: it is triggered by the
collapse and does not require horizons for its emission [8–10];
its energy-momentum tensor Tµν := 〈Tˆµν〉 violates the null
energy condition (NEC), i.e., there is a null vector kµ such that
Tµνk
µkν < 0 [2, 7, 11]; and it results in evaporation (com-
plete or to a Planck-scale remnant) of black holes in a finite
time tE of a distant observer [11, 12].
In conjunction with causality, these three properties pose
the following dilemma: either horizons are formed in a finite
time tS as measured by Bob (tS < tE) or they are not formed
at all. In the latter case, the observed black hole candidates
are actually exotic compact objects [13]. The former case may
include the existence of a transient (albeit possibly long-lived)
trapped region without event horizon and singularity [14–16].
Any of these features are physically relevant only if they are
formed in finite time according to Bob. Given that any defini-
tion of a black hole involves trapped regions, we reformulate
the assumption that a black hole exists as the statement that a
trapped region (starting from a single marginally trapped sur-
face) is formed at some finite time tS .
The simplest setting to investigate is a spherically symmet-
ric collapse, where the apparent horizon is unambiguously de-
fined for all foliations that respect this symmetry [17]. The
analysis of Ref. [18] that we utilize below is based on the as-
sumptions of finite tS and regularity of the apparent horizon.
It produces explicit expressions for the energy-momentum
tensor and the metric in the vicinity of an expanding or con-
tracting trapped region. Formation of the apparent horizon at
finite tS requires violation of the NEC in its neighborhood.
The simplest expressions for the metric in that neighborhood
in the case of expansion or contraction of the apparent horizon
are given by the outgoing Vaidya metric with increasing mass
and the ingoing Vaidya metric with decreasing mass, respec-
tively. The expression in standard Schwarzschild coordinates
(t, r) is valid in both cases, but it includes a function of time
that is set by the choice of the time variable. It is not deter-
mined by the local properties of the solutions of the Einstein
equations alone. In Sec. II, we will determine this function
for the case of a macroscopic black hole in an approximately
steady evaporation state.
Regularity considerations allow one to derive a generic lim-
iting form of the energy-momentum tensor [18] when the ra-
dial coordinate approaches the apparent horizon. In Sec. III B,
we show that there are only two possible forms of the higher-
order terms and derive the first-order terms for the regular cor-
rections.
The simplest model of gravitational collapse is the con-
traction of a massive infinitesimally thin dust shell that sep-
arates a flat interior region from a curved exterior. This so-
called thin shell formalism models narrow transition regions
between spacetime domains as hypersurfaces of discontinuity.
Mathematical consistency is maintained by imposing junction
conditions, i.e., rules for joining the solutions of the Einstein
equations on both sides of the hypersurface Σ [3]. For the
collapse of a thin shell in an asymptotically flat spacetime,
2the interior geometry is flat, and in classical GR, the exte-
rior geometry is described by the Schwarzschild metric. The
simplicity of the model allows one to obtain the explicit time
dependence of the shell’s radius R(τ) and to determine the
point in time when the shell crosses the Schwarzschild radius,
R(τc) = rg = 2M . We briefly review the classical thin shell
formalism in Sec. IVA. Thin shells are used to analyze var-
ious alternatives to black holes as the final stage of gravita-
tional collapse [15, 19–21]. This allows one to circumvent
some of the controversial issues, such as the structure of the
energy-momentum tensor within the collapsing body. More-
over, the exterior metric naturally has a Schwarzschild radius
that is initially located within the Minkowski interior. Thus,
one bypasses the problem of emergence of trapped surfaces
and is able to model the emission of radiation that precedes
their formation.
Nevertheless, the results that have been obtained so far ap-
pear contradictory. On the one hand, models that use the out-
going Vaidya metric, as well as general metrics that satisfy
certain regularity conditions, exhibit horizon avoidance [22–
26]. That is, for an arbitrary law that describes conversion of
the shell’s mass to radiation, the gap X := R − rg between
the shell and the Schwarzschild radius remains positive at all
times. However, the dynamics of these shells involves some
peculiarities [25, 26] that will be described below (Sec. IVB).
On the other hand, arguments that are based on the iterative
evaluation of the effects of backreaction (starting with the re-
sults for the energy-momentum tensor of Hawking radiation
on the background of an eternal black hole) have shown that
while the collapse duration is extended, the shell eventually
crosses the event horizon in a finite time of both Alice and
Bob [10].
Since the near-horizon geometry of an evaporating black
hole is described by the ingoingVaidyametric with decreasing
mass, this is the metric that should be used in thin shell models
that aim to represent the last stages of gravitational collapse in
the presence of collapse-triggered radiation. This scenario is
analyzed in Sec. IVC. The implications of our findings are
discussed in Sec. V.
To simplify the notation, we label quantities on the shell
Σ by capital letters, e.g. R := r|Σ, F := f(U,R). The
jump of a physical quantity A across the shell is written as
[A] := A|Σ+ − A|Σ− . All derivatives are explicitly indicated
by subscripts, as in AR = ∂RA(U,R). The total proper time
derivative dA/dτ is denoted as A˙, and the total derivative over
some parameter λ is Aλ := ARRλ + AUUλ. The time t
always refers to the coordinate time (proper time of Bob at
spacelike infinity).
II. GENERAL PROPERTIES OF THE METRIC NEAR THE
SCHWARZSCHILD SPHERE
Wework within the framework of semiclassical gravity [10,
24]. That means we use the concepts of GR, and quantum
effects are taken into account via the semiclassical Einstein
equations,
Rµν − 12Rgµν = 8π〈Tˆµν〉, (1)
where Rµν is the Ricci tensor and 〈Tˆµν〉 ≡ Tµν is the ex-
pectation value of the energy-momentum tensor. The latter
represents the entire matter content of the model; both the
collapsing matter and the created quantum field excitations
are included. This cumulative representation allows a self-
consistent study of the dynamics without having recourse to
iterative calculations of the backreaction [14].
Three coordinate systems are particularly useful. We
use the Schwarzschild radial coordinate r and either the
Schwarzschild time t or the retarded and advanced null co-
ordinates u and v, respectively. The most general spherically
symmetric metric is given by
ds2 = −e2h(t,r)f(t, r)dt2 + f(t, r)−1dr2 + r2dΩ, (2)
= −e2hu(u,r)fu(u, r)du2 − 2ehu(u,r)dudr + r2dΩ,
(3)
= −e2hv(v,r)fv(v, r)dv2 + 2ehv(v,r)dvdr + r2dΩ. (4)
The function f is coordinate independent, i.e., f(t, r) =
fu(u(t, r), r), etc. [27, 28], and we can decompose it as
f = 1− 2M(t, r)/r = 1− 2Mu(u, r)/r. (5)
Here,M = C/2 is the Misner-Sharp mass [6, 28]. It is invari-
antly defined via
1− C/r := ∂µr∂µr. (6)
We drop the superscripts on f and M in what follows as it
does not lead to confusion. The functions h, hu, and hv play
the role of integrating factors that turn, e.g., the expression
dt = e−h(eh
v
dv − f−1dr) (7)
into an exact differential, provided that the coordinate trans-
formation exists [18].
In an asymptotically flat spacetime, the time variable t is
the proper time of a stationary Bob; thus,
lim
r→∞
h(t, r) = 0, lim
r→∞
f(t, r) = 1. (8)
In the following, we work in this setting, but our results are
also applicable on a cosmological background if there exists
an intermediate scale rg ≪ r ≪ L, where L is set by the
cosmological model.
Two physically motivated assumptions result in the clas-
sification of the energy-momentum tensor and the resulting
metrics. First, we assume that trapped regions form at a finite
time t of Bob. This entails that the equation f(z, r) = 0 has
a solution. This solution, or, if there are several, the largest
one, is the Schwarzschild horizon radius rg(z). Second, we
require that the hypersurface r = rg is regular by demanding
that the two curvature scalars that are obtained directly from
the energy-momentum tensor,
T := T µµ, T := T
µνTµν , (9)
3are finite.
The Einstein equations that determine the functions h and
C are
Gtt =
e2h(r − C)∂rC
r3
= 8πTtt, (10)
G rt =
∂tC
r2
= 8πT rt , (11)
Grr =
(r − C)(−∂rC + 2(r − C)∂rh)
r3
= 8πT rr. (12)
This is the simplest form of the equations. It provides a
natural choice of the independent components of the energy-
momentum tensor. The metric of Eq. (2) entails T θθ ≡
T φφ. Then, the trace and the square scalars of the energy-
momentum tensor are
T =− e−2hTtt/f + T rr/f + 2T θθ, (13)
T =− 2
(
e−hT rt
f
)2
+
(
e−2hTtt
f
)2
+
(
T rr
f
)2
+ 2
(
T θθ
)2
.
(14)
For future convenience, we introduce τt := e
−2hTtt, τ
r :=
T rr, and τrt := e
−hT rt .
There are several possibilities for the energy-momentum
tensor to satisfy these requirements. The generic one (that
is consistent with the known results of the energy-momentum
tensor of Hawking radiation [11, 29, 30]) results in the limit-
ing form of the (tr) block of Tµν [18],
Taˆbˆ =
Ξ
f
(
1 s
s 1
)
, (15)
where s = ±1 and we have used the orthonormal frame
to simplify the expression. The Einstein equations have so-
lutions that contain a finite-time apparent horizon only if
Ξ = −Υ2 6 0. In the generic case Υ2 > 0, the leading
terms in the metric functions are given by
C = rg(t)− a(t)
√
x+
1
3
x . . . (16)
and
h = − ln
√
x
ξ0(t)
+
4
3a
√
x . . . , (17)
where x := r − rg and a := 4
√
πr3g Υ. Here and in a simi-
lar setting below, the function ξ0(t) is not determined by the
equations but is set by the choice of the time variable [18]. In
an asymptotically flat spacetime, it can be defined such that
h(t, r)→ 0 at spacelike infinity. For both expanding and con-
tracting trapped regions, the comparison via Eq. (11) of the
divergent terms of ∂tC and 8πe
hτ trr
2 allows one to identify
rg
′/ξ0 = ±4√πrg Υ = ±a/rg, (18)
where the upper (lower) signs correspond to the growth (con-
traction) of the trapped region.
The energy-momentum tensor violates the NEC;
Taˆbˆk
aˆkbˆ < 0 for a radial null vector kaˆ = (1, s, 0, 0).
The two possibilities — growth and contraction of the
trapped region — are determined by the sign of T rt . An
evaporating black hole corresponds to the ingoing Vaidya
metric with decreasing mass; i.e., using the advanced null
coordinate v the metric of Eq. (4) identifies
2hv(v, r) = 0, C(v, r) = rg(v), r
′
g(v) < 0. (19)
The effective mass of a black hole can be defined as M :=
rg/2 [27].
III. EXPLICIT FORM OF THE METRIC AND
ENERGY-MOMENTUM TENSOR
A. Metric in the quasistationary case
For the pure ingoing Vaidya metric with decreasing mass,
the only nontrivial Einstein equation at the apparent horizon
reads [18]
drg(v)
dv
= −8πΥ2r2g . (20)
On the other hand, for a macroscopic black hole (rg ≫ 1),
the evaporation process is quasistationary and the results ob-
tained on the background of an eternal black hole with the
corresponding mass are expected to give a good approxima-
tion for many quantities, including the luminosity [11, 27].
Hence,
dM
dv
∝ −M−2, (21)
and thus
drg(v)
dv
≈ −κ/r2g , (22)
where κ ∼ 10−3 − 10−4 [11, 29, 30]. As a result,
Υ ≈
√
κ
2
√
2πr2g
, (23)
and
ξ0 ≈
√
κ
2rg
≈ 2
√
πr3gΥ =
a
2
. (24)
B. Allowed forms of the energy-momentum tensor
We now obtain higher-order terms in the series solution
for C(t, r) and h(t, r), thereby extending the results of [18].
Higher-order contributions to the components of the energy-
momentum tensor can be given either as regular functions,
4e.g., for evaporation
τt = −Υ2(t) +
∑
n>1
αnx
n, (25)
τrt = −Υ2(t) +
∑
n>1
βnx
n, (26)
τr = −Υ2(t) +
∑
n>1
γnx
n, (27)
or as regular-singular functions,
τt = −Υ2(t) + xk
∑
n>0
αnx
n, (28)
τrt = −Υ2(t) + xk
∑
n>0
βnx
n, (29)
τr = −Υ2(t) + xk
∑
n>0
γnx
n, (30)
for some 0 < k < 1.
First, we will show that apart from the regular expansion
only the case of k = 12 is consistent with the Einstein equa-
tions. A direct calculation shows that a series solution of
Eq. (10) exists for any k. Set
C = rg − a
√
x
(
1− g1
a
xk − g2
a
x2k+
)
. . . , (31)
and Eq. (10) becomes
− a
2
√
x
+ (k + 12 )g1x
k−1/2 + . . .
= − a
2
√
x
+ 8πr3g
(
α0
a
− Υ
2g1
a2
)
xk−1/2 + . . . , (32)
and with matching powers of x on both sides, it is possible to
find a solution.
Equation (12) for h then becomes
∂xh = − 1
2x
+ 8πr3g
(
γ0
a
− 2Υ
2g1
a2
)
xk−1 + . . . , (33)
allowing a series solution of the form
h = − ln
√
x
ξ0(t)
+ hkx
k + . . . . (34)
Equation (11) describes the mass change and serves as a
consistency check for the solutions h and C, as
r′g − a′
√
x+
ar′g
2
√
x
+ g′1x
k+1/2 + (k − 12 )r′gg1xk−1/2 + . . .
= 8πr2g (−Υ2 + βxk)
eh0√
x
(
1 + hkx
k) + . . .
(35)
has to hold, while it is possible for k < 1 only if
1
2 = 2k − 12 ; (36)
hence, the only regular-singular case corresponds to k = 12 .
Since f ∝ √x for x → 0, for k = 12 , the invariant T does
not lead to any restrictions, but T being finite requires
2β0 = α0 + γ0. (37)
C. Metric functions
In both cases we have to consider the expansion follows
the same pattern. For a regular correction to Tµν , the Misner-
Sharp mass has the form
C(t, rg + x) = rg − a
√
x+ 13x+ cx
3/2 + gx2 + . . . , (38)
where
a = 4
√
πr3/2g Υ, (39)
c =
(
36πα1r
3
g − 108πr2gΥ2 − 1
)
36
√
πr
3/2
g Υ
, (40)
g =
1
540
(
−36α1
Υ2
+
1
πr3gΥ
2
+
108
rg
)
, (41)
and
h(t, rg+x) = − ln
√
x
ξ0
+k2
√
x+k3x+k4x
3/2+ . . . , (42)
where
k2 =
4
3a
, (43)
k3 = − 3
2rg
− c
a
+
24πα1r
3
g + 24πγ1r
3
g − 4
6a2
, (44)
k4 =
2
(
27a2g − 54ac− 16)
81a3
+
2
(−54a2 + 144πα1r4g + 144πγ1r4g)
81a3rg
, (45)
and the function ξ0(t) is determined by the limiting form of h
for x → 0 and in general cannot be recovered from the series
solution.
For a correction that scales as x1/2, we have at leading order
τt = −Υ2(t) + α0
√
x, (46)
τrt = −Υ2(t) + 12 (α0 + γ0)
√
x, (47)
τr = −Υ2(t) + γ0
√
x. (48)
The metric functions in this case have the same structure.
The leading-order corrections determine
C(t, rg + x) = rg − a
√
x+ b¯x+ c¯x3/2 + . . . (49)
and
h(t, rg + x) = − ln
√
x
ξ0
+ k¯2
√
x+ k¯3x+ . . . , (50)
where
b¯ =
1
3
+
4
√
πα0r
3/2
g
3Υ
, (51)
c¯ =
8πα20r
3
g − 2
√
πα0r
3/2
g Υ− 108πr2gΥ4 −Υ2
36
√
πr
3/2
g Υ3
, (52)
5and
k¯2 =
4
3a
− 8πr
3
g (α0 − 3γ0)
3a2
, (53)
k¯3 = −
128π2α0r
6
g (α0 − 3γ0)
9a4
+
8πr3g (7α0 − 6γ0)
9a3
− 5
9a2
− 3
4rg
. (54)
D. Higher-order terms in the expansion of the
energy-momentum tensor
The consistency requirement of Eq. (11) and the conserva-
tion law
∇µT µν = 0 (55)
for ν = t and r can be imposed order by order in powers
of x. This allows one to identify higher-order terms in the
expansion of Tµν , which can be expressed in terms of Υ, ξ0,
and their derivatives.
Using the identity
∇νA νµ =
1
ς
∂ν(ςA
ν
µ )− 12gαβ,µAαβ , (56)
where ς =
√− det g, which is valid for an arbitrary sym-
metric tensor, and the Einstein equations in the spherically
symmetric case, we get a simple form of the flux equation
∇νT νt = ∂tT tt + r−2∂r(r2T rt) = 0. (57)
The radial component of the conservation law reads
∇νT νr = −
1
eh
∂t
(
τrt
f2
)
+
1
ehr2
∂r
(
ehr2τr
f
)
+∂r
(
e2hf
)e−2hτt
2f2
+ ∂rf
τr
2f2
= 0. (58)
Below, we apply it to the regular case
[
Eqs. (25)–(27)
]
and
derive three independent equations for α1, β1, and γ1.
We first consider the terms beyond 1/
√
x in Eq. (11). The
coefficients of x0 give no new equations, but the terms of
√
x
and x give
√
πξ0
(
rg(3α− 4β1 + γ1) + 8Υ2
)− 2√rgΥ′ = 0, (59)
and
− 2 + 3πr2g
(
rg(19α1 − 60β1 + 5γ1) + 48Υ2
)
= 0, (60)
respectively.
The flux equation does not lead to any more independent
constraints on the leading-order corrections. The coefficients
of the inverse powers of x in Eq. (58) become identically zero
if Eq. (18) is satisfied, but terms with x0 lead to
ξ0
(
rg(11α1−12β1−11γ1)+48Υ2
)−6√rg/πΥ′ = 0. (61)
As a result,
α1 = − 7
288πr3g
− 13Υ
2
4rg
+
35Υ′
32
√
πrg ξ0
, (62)
β1 = − 11
576πr3g
− Υ
2
8rg
+
23Υ′
64
√
πrg ξ0
, (63)
γ1 = − 1
288πr3g
+
5Υ2
4rg
+
5Υ′
32
√
πrg ξ0
. (64)
In the quasistationary case, the dominant contribution comes
from the first term on the right-hand side, as
Υ2
rg
∼ Υ
′
√
πrg ξ0
∼ κ
r5g
, (65)
where we have used the results of Sec. III A.
IV. THIN SHELL DYNAMICS
We begin by briefly reviewing the collapse of a classical
massive spherically symmetric thin dust shell Σ in 3+1 di-
mensions using the thin shell formalism [3, 24]. The space-
time inside the shell is assumed to be flat, and the exterior
geometry is described by the Schwarzschild metric. Next, we
consider two models that incorporate mass loss by the shell,
modeling the exterior geometry either by an outgoing Vaidya
metric or an ingoing Vaidya metric with decreasing mass.
A. Classical thin shell formalism
The metric across the two domains that the shell separates
can be represented as the distributional tensor
g¯µν = g¯
+
µνΘ(ξ) + g¯
−
µνΘ(−ξ), (66)
using the set of special coordinates x¯µ = (w, ξ, θ, φ). Here,
Θ(ξ) is the step function, and the interior and exterior metrics
g¯±(x¯) are continuously joined at ξ = 0. The coordinates w
and ξ as well as the explicit form of this metric in a general
spherically symmetric case are given in Ref. [26].
A mathematically equivalent approach is the thin shell
formalism. It is particularly convenient for our purposes.
Birkhoff’s theorem imposes the Schwarzschild metric at the
shell’s exterior,
ds2+ = −f(r+)du2+ − 2du+dr+ + r2+dΩ
= −f(r+)dv2+ + 2dv+dr+ + r2+dΩ
= −f(r+)dt2+ − f−1(r+)dr2+ + r2+dΩ, (67)
where the subscript + denotes the exterior region and the
retarded and advanced null coordinates u and v are the
Eddington-Finkelstein (EF) coordinates.
The interior region is described by the Minkowski metric,
ds2− = −du2− − 2du−dr− + r2−dΩ
= −dv2− + 2dv−dr− + r2−dΩ
= −dt2− + dr2− + r2−dΩ, (68)
6where u− = t− − r−, v− = t− + r−. The shell’s trajec-
tory is parametrized by the proper time τ as
(
T±(τ), R±(τ)
)
or
(
V±(τ), R±(τ)
)
using, respectively, (t, r) or (v, r) coor-
dinates outside and inside the shell. We use the hypersurface
coordinates ya = (τ,Θ := θ|Σ,Φ := φ|Σ). The first junction
condition [3], which is the statement that the induced metric
hab is the same on the both sides of the shell Σ,
ds2Σ = habdy
adyb = −dτ2 +R2dΩD−1, (69)
leads to the identification R+ ≡ R− =: R(τ). Henceforth,
we drop the subscripts from the radial coordinate. Trajectories
of the shell’s particles are timelike; hence,
U˙+ =
−R˙+
√
F + R˙2
F
, (70)
V˙+ =
R˙+
√
F + R˙2
F
, (71)
T˙+ =
√
F + R˙2
F
, (72)
where F = 1 − rg/R. These expressions are applicable also
for a generalC(z, r) (while h ≡ 0). In the following, we drop
the subscript + from the exterior quantities.
The surface energy-momentum tensor of a massive thin
dust shell is
Sab = σvavb = σδaτ δ
b
τ , (73)
where σ denotes the surface density. The rest mass of the
shell is m = 4πσR2. The second junction condition relates
the jump in extrinsic curvature
Kab := nˆµ;νe
µ
ae
ν
b (74)
to the surface energy-momentum tensor
Sab = −
(
[Kab]− [K]hab
)
/8π, (75)
where K := Kaa and [K] := K|Σ+ − K|Σ− is the disconti-
nuity of the extrinsic curvature scalar K across the two sides
Σ± of the surface.
The equation of motion for the shell can be obtained from
D(R) := 2R¨+ F
′
2
√
F + R˙2
− R¨√
1 + R˙2
+
√
F + R˙2 −
√
1 + R˙2
R
= 0, (76)
while
− 4πσ =
√
F + R˙2 −
√
1 + R˙2
R
(77)
directly describes the evolution of the surface density. For a
collapse without change in the rest massm = const, we have
rg = 2m
√
1 + R˙2 −m2/R. (78)
The trajectory is obtained by integration of
R˙ = −
√( rg
2m
+
m
2R
)2
− 1. (79)
Using this result, the equation of motion can be rewritten as
R¨ = − 1
4R2
(
rg +
m2
R
)
. (80)
The integration results in the infinite coordinate time (physical
time of a distant observer Bob) and finite proper time of a
comoving observer (Alice).
Now, we describe the extensions of this model that include
the mass loss by the shell. The exterior geometry is modeled
by the standard outgoing Vaidya metric in Sec. IVB and by
the ingoing Vaidya metric with decreasing mass in Sec. IVC.
B. Evaporating shell and positive energy density
The outgoing Vaidya metric with Mu < 0 is an excellent
approximation to the geometry of an evaporating black hole
for r > 3rg [11]. It is used to model the effects of backre-
action in various settings [22–24, 31]. However, the resulting
energy-momentum tensor does not violate the NEC and thus
cannot represent an immediate neighborhood of the trapped
region that has formed in finite time of a distant observer. The
presence of evaporation modifies the equation of motion,
D(R) + FU
F
√
F + R˙2
(
1
2 − R˙U˙
)
= 0, (81)
while Eq. (77) still holds [24, 26].
In the limit of large R˙, the asymptotic expression becomes
R¨ ≈ 8MU R˙
4
RF 2
≈ 16MMUR˙
4
X2
, (82)
where the second relation in Eq. (82) holds for X ≪ rg. In
fact, this accelerates the collapse, as can be seen in Fig. 1.
Despite this acceleration, the shell never crosses the ever-
shrinking Schwarzschild sphere at r = rg, as can be readily
deduced by monitoring the previously defined gap (coordinate
difference) between the shell and the Schwarzschild radius,
X := R− rg. (83)
Anticipating the transition to a null trajectory, we use a generic
parameter λ to describe the shell. It can be u− [25] orR itself,
as is common practice in the analysis of null shells [26]. Using
Eq. (70), we find that close to rg
U ≈ −2Rλ
F
≈ −2Rλrg
X
, (84)
where the first relation is exact for null shells and the second
is valid forX ≪ rg .
7Evaluating the derivative ofX over λ, we have
Xλ = Rλ − drg
dU
Uλ = −|Rλ|
(
1−
∣∣∣∣drgdU
∣∣∣∣ 2F
)
& −|Rλ|
(
1 +
8|MU |M
X
)
. (85)
As a result, the gap decreases only until X ≈ ǫ∗ [22–24],
where
ǫ∗ := 2
drg
dU
rg = 8M |MU |. (86)
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FIG. 1. Transition to the null trajectory. The orange line represents
the gravitational mass M(τ ) = rg(τ )/2. The rest mass m(τ ) is
shown as the black line, and the gap X(τ ) = R(τ ) − rg(τ ) as
the dotted blue line. For simulation purposes, the evaporation was
switched on at τ = u = 0. The initial conditions are R(0) = 30 and
R˙(0) = 0, while r0 := rg(0) = 20, and κ = 1. The evaporation
ends at the retarded time u∗ = r
3
0/3κ = 8000/3, but the system
breaks down at approximately τm = 47.912, indicating a transition
to the null trajectory. At the transition, most of the gravitational mass
is still contained within the shell,M(τm)/M(0) = 0.968, while the
gap is X(τm) = 0.279. The closest approach [26] is determined
by ǫ∗ = 0.1, giving the estimate for the gap at the transition as
X∞ = 0.25.
However, horizon avoidance comes with a price: the shell
sheds its rest mass and becomes null in finite proper time. This
was demonstrated in Ref. [25] for the outgoing Vaidya metric
and in Ref. [26] for a general metric of the form of Eq. (3)
with h(u, r) < +∞ and a general evaporation law. While
the rest mass m = 4πσR2 becomes zero for a finite value
of R > rg > 0, for a macroscopic shell, only a negligible
fraction of the gravitational mass is lost up to the transition,
i.e., rg ≈ rg(0) = const. Figure 1 illustrates this process for
the Page-like evaporation law
drg
du
= − κ
r2g
. (87)
Using the asymptotic form of the equation of motion as
given by Eq. (82), we can estimate the transition radius. Since
rg ≈ r0, we find X˙ ≈ R˙, and thus
X¨ = −2ǫ∗X˙
4
X2
. (88)
The equation for τ(X) has a simpler form and can be solved
by separation of variables if we approximate ǫ∗ ≈ const. The
first integration gives
dτ
dX
= −
√
2(−2ǫ∗ +XK1)√
X
, (89)
where K1 is the integration constant. Motion of the shell is
affected by evaporation only at distances of the order ofX ≪
rg. Within the range rg ≫ X ≫ ǫ∗, where the equation
above is already applicable, we set the initial value of dτ/dX
using the classical value of the radial velocity of the shell at
the horizon crossing. From Eq. (79), we find R˙ ∼ −3/4 for a
shell initially at rest, givingK1 = 8/9. At the timelike-to-null
transition, dτ/dX → 0, and therefore it occurs at
X∞ ≈ 2ǫ∗/K1 = 9ǫ∗/4. (90)
At this point, the model must be supplemented by addi-
tional considerations since the unmodified dynamics would
inevitably cause the shell to become tachyonic. There are
three main scenarios that avoid the tachyonic solution: ter-
mination of the radiation (i.e., the metric outside of the shell
reverts to the Schwarzschild metric in EF coordinates) [25],
modification of the metric such that the junction conditions
for null shells are satisfied from the transition point onward,
or preservation of the Vaidya form of the metric and devel-
opment of pressure that allows to maintain the null trajectory
[26].
The first option restores the classical collapse that is com-
pleted in finite proper time of Alice and infinite proper time
of Bob. In the second case, the final fate of the shell depends
on the specific form of the new metric. The last option leads
to horizon avoidance with or without the appearance of a tran-
sient naked singularity.
C. Evaporating shell and negative energy density
Geometry near the apparent horizon of the contracting
trapped region that forms at some finite tS is described by the
ingoing Vaidya metric with decreasing rg(v). Using it for the
exterior geometry of the shell results in the equation of motion
D(R)− FV
F
√
R˙2 + F
(
1
2 + R˙V˙
)
= 0, (91)
which differs from Eq. (81) in a number of ways.
Close to rg (and for nonzero R˙),
V˙ ≈ − 1
2R˙
+
F
R˙3
≈ − 1
2R˙
+
X
R˙3rg
. (92)
As a result, the stopping effect of the evaporation is virtually
nonexistent.
For the shell at rest at X ≪ rg, assuming again that the
evaporation is governed by Eq. (22), the radial coordinate ac-
celeration is
R¨ ≈ −F
′
2
+
FV
F
≈ − 1
2rg
+
κ
r2gX
, (93)
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FIG. 2. Horizon crossing. The orange line represents M(τ ) =
rg(τ )/2. The rest mass m(τ ) is shown as the black line, and the
gap X(τ ) = R(τ ) − rg(τ ) as the dashed red line. For simulation
purposes, the evaporation was switched on at τ = v = 0. The initial
conditions are R(0) = 30 and R˙(0) = 0, while C0 ≡ C(0) = 20,
and κ = 1. At the horizon crossing at τc = 51.010, the gravitational
mass and the rest mass are nearly identical to their initial values:
M(τc)/M(0) = 0.9913 andm(τc)/m(0) = 0.9905, respectively.
indicating that evaporation prevents the collapse only if
X < ǫ∗ =
2κ
rg
. (94)
It is easy to see that for R˙ 6= 0 the (stopping) acceleration
term that is proportional to FV is much smaller than its classi-
cal counterpart. Figure 2 illustrates this process for the same
value of κ and the same initial data as in the previous case.
Figure 3 illustrates the difference between classical dynamics
and the two models of a radiating shell. Since the influence of
evaporation on the dynamics of a macroscopic shell is weak,
the shell preserves nearly all of its mass at the horizon cross-
ing. We can estimate the proper time of the collapse using the
classical equation of motion. However, unlike in the classical
scenario, the crossing time according to Bob is finite, as are
the propagation time of the last signal that Alice sends before
crossing and its redshift.
For illustrative purposes, we approximate the evaporation
using a linear law,
rg = r0 − v
ζ
= r0 − vκ
r2g (v = 0)
, (95)
that allows for explicit analytical results. Since the shell col-
lapse takes much less time than the evaporation, this is an ex-
cellent approximation.
The equation of an outgoing radial null geodesic
dv
dr
=
2
1− rg(v)/r (96)
separates after the change of variables v = rv˜ + C0ζ, and its
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FIG. 3. Comparison of the classical trajectory (green line) with
the exterior geometry given by the outgoing Vaidya metric with
drg/du = −κ/r
2
g (dotted blue line) and the ingoing Vaidya met-
ric with drg/dv = −κ/r
2
g (dashed red line) at the later stages of the
collapse. The initial data is the same as above. In the former case,
the collapse is accelerated, and the shell becomes null at τm. In the
latter case, the collapse is slightly delayed.
general solution can be written as
K = −2
√
ζ
8 + ζ
arctanh
[√
ζ
8 + ζ
(
1 +
4r
ζ(r − r0) + v
)]
+ 2 ln r + ln
(
1 +
ζ2r0(r − r0) + ζ(2r0 − r)v − v2
2ζr2
)
,
(97)
whereK is the integration constant.
We first use this result to evaluate the redshift that is suf-
fered by the signal sent by Alice at the horizon crossing. Since
the evaporation law is linear, we can adjust parameters such
that the crossing happens at V = 0 at rg(0) = r0. For the
light emitted by Alice at ∆τ before the crossing, the constant
is given in the leading order by
K = πi− 4πi
ζ
+ 2 ln r0 +
∆τ
r0
(
1
2|R˙0|
+ 2|R˙0|
)
, (98)
where we also expanded in powers of ζ, using that ζ ≫ 1, and
R˙0 = R˙(0).
To show that the transmission time and the redshift are fi-
nite, we consider a position of Bob that makes the calculations
particularly simple. For this purpose, we locate Bob at the po-
sition rB at which light emitted at v = 0 reaches Alice at
vB = ζr0, i.e., when the shell completely evaporates. Con-
sider the beam that arrived at the same location ∆v earlier.
Then, we have (again using ζ ≫ 1)
K = πi− 4πi
ζ
+2 ln rB−2 ln ζ+ 8 ln ζ − 8− ln 256
ζ
+
∆v
rB
.
(99)
Comparison of the zeroth-order terms identifies Bob’s loca-
tion,
rB ≈ 12ζr0 − (2 ln ζ − 2− ln 4)r0 + . . . , (100)
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FIG. 4. Time of arrival of Alice’s signals to Bob. The green line
represents the classical case rg = r0 = const. The dashed red line
represents the case of the linear evaporation law with ζ = 400. In
this case, the last ray reaches Bob at τB = 160.
while the leading-order term in the redshift is determined by
dv
dτ
=
(1 + 4R˙20)rB
2|R˙0|r0
. (101)
We recall that |R˙| 6 3/4, and since
dτB =
√
f(v, rB)dvB ≈ dvB, (102)
we see that the redshift is of the order of ζ. If we assume that
the initial radius of the shell RA satisfies r0 ≪ RA < rB , we
have |R˙0| = 3/4 and
dv
dτ
=
13
12
ζ. (103)
The time of arrival of the signals that are sent by Alice as
the function of her progress is represented in Fig. 4. Here,
Bob is located at the initial position of Alice, rB = RA. His
proper time is calculated according to
τB =
∫ v
0
√
f(v′, rB)dv
′. (104)
The shell approaches rg in a finite time (both according to
Bob and Alice) and with a finite mass. We also observe that
the last signal that is sent by Alice before she crosses the
Schwarzschild sphere reaches Bob in a finite time, while in
the classical case, this time diverges as Alice approaches rg.
V. DISCUSSION
There is no contradiction between the predictions of dif-
ferent models of thin shell collapse, as they are applicable in
different situations. If the spacetime outside of the shell is de-
scribed by an outgoing Vaidya metric with decreasing mass,
there is no horizon crossing. This is the expected behavior of
a system that satisfies the NEC. The outgoing Vaidya metric is
a good approximation of the geometry around an evaporating
black hole for r & 3rg, while the metric approaches the ingo-
ing Vaidya metric with decreasing mass, which is the exact
limiting form of the semiclassical geometry [18], as r → rg.
A strict interpretation of the QEI estimate [18] indicates that
the NEC is violated only up to x = r − rg ∼ a2 ∼ κ/rg. Ac-
cording to Eq. (90), transition to the null trajectory happens
at X∞ ∼ a2. Only a more detailed analysis of the geometry
outside of the collapsing shell, and in particular, finding the
details of the transition between the two forms of the Vaidya
metric, will determine how plausible the scenario of shedding
all or most of the shell’s rest mass is. Although thin shells
can be used to model radiative processes, either classical or
quantum, they cannot accurately describe the final stage of the
collapse to a black hole. Emission of the entire rest mass may
indicate either problems with the thin shell approximation in
general or the necessity of a more involved specific model for
the shell and/or type of radiation. A direct consequence of this
result is that the geometry outside of a pressureless null shell
can never be described by an outgoing Vaidya metric with de-
creasing mass.
If the geometry outside of the shell is described by an out-
going Vaidya metric with decreasing mass, then the shell ap-
proaches the Schwarzschild radius in finite time (both accord-
ing to the comoving Alice and distant Bob), losing only an
insignificant fraction of its mass. When it comes to describing
the formation of the apparent horizon, a potential problem of
this idealized model lies in the requirement to alternatingly
violate (on both sides of the apparent horizon) and satisfy
(on both sides of the inner apparent horizon that is the inner
boundary of a trapped region propagating to the center) the
NEC [32]. A thin shell model may be a too extreme idealiza-
tion to exhibit all of these features, but for 0 < R < rg, a plau-
sible scenario envisages the shell itself as the inner apparent
horizon, while the trapped region corresponds to R < r ≤ rg.
The above results present arguments that thin shell models
of collapse and evaporation do not have an independent mean-
ing, but rather they simply illustrate their underlying assump-
tions: if the model corresponds to the impossibility of horizon
formation at a finite time, then it will predict horizon avoid-
ance. By the same token, if the model uses the metric that is
associated with the finite-time appearance of trapped regions,
it will predict horizon crossing. This conclusion aligns with
the results found in Ref. [33].
Since the important scales (horizon avoidance, null transi-
tion, shell support, and violation of the NEC) are all of the
order of X ∼ κ/M , we must also consider the possibility
that the effect of the transition region between the ingoing
and outgoing Vaidya metrics may be such as to prevent the
horizon crossing (forcing X˙ > 0 once some critical value
of X has been reached), but without causing the timelike-to-
null transition. This situation will be investigated in future
work. The first step to a self-consistent description of gravi-
tational collapse is a complete identification of the metric in
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the neighborhood of the apparent horizon. This was achieved
for quasistationary black holes, but our analysis relies on flux
calculations on a fixed background. The next logical step is
to use the pattern provided by the correct self-consistent near-
horizon metric to obtain the field modes and derive the renor-
malized energy-momentum tensor.
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